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Abstract—Today, harmonic balance is the most useful ap Our results are compatible with Kurokawa'’s expressions and
proach for microwave nonlinear-network analysis. Fast Fourier g Gunn oscillator design.
transform (FFT) is usually used to convert the nonlinear-
elements’ time waveforms into the frequency domain as part of
the harmonic-balance process. This approach is straightforward Il. THE SIGNAL SPACE

for a single-frequency excitation, but is quite complicated and S .
time consuming for the multifrequency-excitation case. In this We demonstrate the method by considering a nonlinear two-

paper, we propose a mathematical model termed “signal space,” POt network. The relation between the time-domain currents
which enables (for a given nonlinearity) a direct calculation and voltages for a memoryless two-port network is represented
of the currents spectrum (given the voltages spectrum) and generally as

is suited for implementation for harmonic balance. Under

describing-function criteria, we use the signal-space approach I = fi(V1, Vo) L= fo(Vi, Vo) (1)

to get expressions for oscillator parameters such as oscillation

frequency, stability condition, and injection-locking bandwidth. where f; and f, are functions representing the nonlinear
There is a good agreement between our results and Kurakawa's device, and/; andVs are the voltages of the nonlinear device
expressions. ’ . .
where I; and I, are the currents of the nonlinear device.
We assume that both voltages are composed of a signal at
frequencyw and its harmonics, namely, a periodic function
NALYSIS of nonlinear microwave networks is a very

. INTRODUCTION

k=n
useful tool for most practical microwave components .
. > = Vik jhuwt
and several approaches have been developed in both time ®) k;ﬂ i exp(jkuwt)
and frequency domains. Undoubtedly, the frequency-domain k;n ’
harmonic-balance approach is today the most useful in mi- _ Vion exnl ikwt P
; : = : + Vink € —7kwt
crowave computer-aided design (CAD) software. Rhyne and kZ:O 1w exp(jkt) ik exp(—jhwt)
Steer [1] proposed the generalized power series, which en- hen

ables, for a given nonlinearity, a direct calculation of the v/, = Z Vs, exp(jkwt)
currents spectrum given the voltages spectrum. In [2], we |
proposed a new mathematical method termed “signal space”

k=—n

k=n
for analyzing nonlinear networks. The signal space, which has - Z Vapk exp(jkwt) + Vanr exp(—jkwt) (2)
the same basis as Steer’s suppositions, is a polynomial’s phasor =0
vector space, in which each harmonic current can be described
by a linear combination of base polynomials, and then enabl&@ere
for a given nonlinear device, a direct calculation of the currents Vo — Re(Vi) — 7 Im(Vy)
spectrum given the voltages’ spectrum. The expressions for the Pk = 2
harmonic currents, which appear in Section |, are simple and Re(V) + 7 Im(Vy)
suited to implementation for harmonic balance. Ve = 2

Several researchers have implemented nonlinear analysis of . I . . .
. : . . . 2~ “whereP and N indexes indicate a positive and negative contri-
free-running oscillators using describing-function techniques .. . .
. . utions for the harmonic number of the current, respectively.
[6]-[8]. In these techniques, the system equations and

cillation criteria are combined to yield a set of algebraic € indexes 1 and 2 indicate ports 1 and 2, respectively,

. ) . o . .. Ihdicates harmonic number, amdis the number of harmonic
equations. In this paper, we applied describing-function criteria” "
: . . considered. Assume that and f; can be expressed as a
to signal space for design of a parallel-resonator oscillatQr .
. - aylor series, namely,

based on negative conductance. Under these conditions, we get

expressions for the frequency of oscillation, stability condition,

-~ L OV V)
injection-locking bandwidth, and other oscillator parameters. f(Vi, V2) = > >~ o avievs Vivi. (3)
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The expression for the current at harmordit consists of  Thus, for the nonlinear device, it is possible to analytically

polynomials with a general form calculate the spectral content of the device current given the
N spectral content of the device voltage.

H VTk The above idea is readily applicable for a reactive nonlinear
LL TINK device. Consider, for example, a nonlinear capacitor for which
= the current—voltage relation is represented by

Thvax

IlF:Z Z GDEHle

S exp(ilwt) (4)

IS
e

¢ =dQ/dt = dQ/dV « dV/dt = C(V) dV/dt.

where Following the analysis above, and assuming a periodic
Z B, +Z T. =D voltage waveform, one can derive the expressions for the
" " current spectral content expressed as vectors in the signal
space. The expression for the capacitaf®’) in a Taylor
ZQk + Z Se=FE. () series is
k k
. . . Tamax
The sumIiyax is the maximum order of the truncated tailor Z cp-vT (12)

series used in practice, and the summation in (4) is done on all

the combinations which appear in (5) for givéhand E. n

is the number of harmonics considered dnds the harmonic and its expression in the signal space
number of the considered term

n  Twvax n
n n n n o Pri . "
F= <Zk*Bk+Zk*Qk_zk*Tk—Zk*Sk>. cV) = Fz_:o Z Crrr an Vi exp(jFuwt)
k=0 k=0 k=0 k=0 _n T:HX _n’
6 - r .
©) + Z CrNF H Vk]\” -exp(—jFwt) (13)
Polynomials of the above form represent a vector space that F=0 T=0 k=-n
we term “signal space.” All the polynomials with a specific C here
harmonic numbef form a subspace of the signal space. Thus
every one of the harmonic currents of the nonlinear device can o _ Cr- T
be expressed as a vector in the signal space. The coefficients =
Gpr are calculated by the general formula H Pry!
k=—n
AP+E) £(0, 0 1
Gpp = Df(E ). _ 1 . S P =T
IV~ OVy
I B TT ! T @t T 5w G O T
k=0 k=0 k=0 k=0 TNF = "¢
(7) H Npg!
k=—n
The same idea can be implemented for a one-port device.
P P 3 Npw= T=1,23 -, Tuax.

The expression for the current at harmorfit consists of

polynomials of a general form The expression for thé” harmonic-capacitor current is the

Thax result derived by multiplication ofC(V) in (13) by the
Igr = Z Gp H H Vi exp(jFwt)  (8) expression of the voltage time derivative and is
k=0

av
where Icr :C(V)E
n n Thvax P
Z By, + Z Ty = Tmax ) = Jw( Z Crp(r41) H V. (””") Vi
¢ 0 T=1 k=—n
and Thax N
+iw| Y. Crm H VN (F + 1) Vpra
= w<z k- B — Z k- Tk> (10) =t h=—n
h=0 +jwCy - F - Vpr| exp(jFuwt) (14)
The coefficientsGp are
D
Gp = 885530) _ 1 . (11) Where
B! ! (0
H k H Tk Co = Q
k=0 k=0 2
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Fig. 1. A diode and its equivalent circuit.

A nonlinear device composed of a time delajas harmonic

current of the general form 0.5
I=fV({it—-1)] . .
" " 0.2 0.4 0.6
= Z C-H VI exp(—jkwr) H Vak exp(—jkwT)] vt
k=0 k=0 Fig. 2. Ipy current as a function o’z in the FFT method and signal
-exp(ijt) (15) space while varying parametéf; .
Ill. DIODE REPRESENTATION INSIGNAL SPACE J \ f f
Using the expressions described above, we derive the rep- - ¢ L IR, cVv) § 6V
resentation of a diode in the signal space. % ¢ ~C T ‘
é J

A simple diode and its equivalent circuit are shown in
Fig. 1. The equivalent circuit consists of a conductaiée rig 3. paraliel resonant oscillator.
diffusion capacitancé€y,(V'), and depletion capacitancg (V')
[11]. The expression for the conductance current is

IV. SIGNAL-SPACE ACCURACY
lg = Iss exp(qV/KT). (16) To investigate the accuracy of the signal-space approach,

we calculated the harmonic of the current of a simple diode
using the signal-space process and compared the results to
the fast Fourier transform (FFT) process. The expression of

The expression for thé" harmonic of its current is described
in (8). Where the coefficient&/, are

(q/KT)E::O(Bk+Tk) the diod_e current id = I exp(_/ﬂ/). Suppose = 2 and
Gp = Iss — — (17) I, = 10712 A, one could approximate this expression to the
H B! H T, fifth power of a Taylor series. Suppose also that there are
0 oot three harmonics of voltageBr:, V2, Vrs. Using (4)—(7),
) o ) . we calculated the first current harmonig; as a function of
The expression for the diffusion capacitance is Vi, in the signal space and the FFT method, wHilg; is
dQ a constant equal to 0.1 V andr, as a varying parameter

gy = CalV) = A-exp(qV/KT) = C,s.exp(BV). (18)  between 0.1-0.3 V. From the results in Fig. 2, there is a good
agreement between the two methods. The signal-space method

Its I harmonic current is described in (13) and (14), whefgas tested using other nonlinear elements and was found

the coefficientsCr are compatible to the FFT method. We get the same accuracy for
extreme nonlinear elements using the signal space compared

3T .
Cr = [T_' (19) to the standard FFT process. However, as the element is more
) nonlinear, its presentation in the signal space consists of more
The expression for the depletion capacitance is polynomials, and the computing time is longer.

Coo

(V) = AoV (20)

V. OSCILLATOR ANALYSIS AND DESIGN

This fungtion can be approximated by curve tracing to the 1o signal-space approach can be used for analytic inves-
tailor series, as appears in (12). tigation of microwave oscillator networks. We have derived
Its 17 harmonic current is described in (13) and (14). 3 method to analyze a negative-resistance oscillator, which
The current at harmoni¢” is the sum of the three terms  yie|4s design guide rules similar to the well-known analysis
approach of Kurakawa. Consider the network in Fig. 3. The
Ir = Ior + loar + lojr (21) ngﬁlinear device is represented by a nonlinear ne%ative re-
and in the time domain sistance and a nonlinear capacitarieeZ(V'), C(V)). The
device is resonated by the resonant cirduiC and Gy, is the
Ir(t) = 2Re[lIF - exp(jFwt)]. load conductance.
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To analyze this circuit, we make the commonly used as- IM[Y]
sumption that the voltagé” contains only the fundamental
component at frequencw. The other voltage harmonics — N\ ¢
are assumed negligible due to the filtering action of the V2 @,
resonant circuit. Under these conditions, we use the signal- . —fo)
space approach to get expressions for the current spectrum Vl'jt‘ul
components. In this case, the expression for the first harmonic R 4,
current of the negative resistor is
Tvax Rel?]
Z A2k+1 k?l;f—'_ ok Vpﬁﬂ Vjé;l' (22) . - s .
+ 1) Fig. 4. The loadY"(jw) and devicef (V1) curves in the complex plane.

It is obvious that the voltage phase can be arbitrarily chosen, _ _ _
thus, for a phase equal to zefd,; = Vy1 = Vr/2, and (22) Expressions (27) and (28) give the amplitude and frequency

reduces to oscillation of a parallel resonant oscillator circuit, and consists
T of a nonlinear negative resistor and nonlinear capacitor loaded
1 MAX (2]% + 1)' K . R N X
Igi== Z oht1 - VAR (23) by a linear resonant circuit, as shown in Fig.d3,4. and
2 = Ei(k + 1)! C;, represent the nonlinear resistor and capacitor in the signal

ce.
The coefficientsizx; have to be calculated using the expres- >pa

sions of [2] and [3] and the Gunn model. . N -
Under the same conditions, the expression for the firdt Oscillator Stability Condition

harmonic current of the nonlinear capacitor is Using the Kurakawa stability condition [9] or the nonlinear
Thiax B Nyquist [2], [10] condition for a parallel resonant circuit, the
—juwy Z U -Vﬁ*l (24) phase deference between the device and load curves [9] has
<k + 2) <k - 2>! to be 90. The expression for the angle is
2 2
where T (k+1)! 1 !
1, fork=0 wkz_: <k+2>,<k—2>'U (k) - OV
U(k) =< —1, fork =2p = 2 '\ 2 )
{ 0, fork=2p+1. tan(¢) =
252k + 1)t o
The coefficient€”;, have to be calculated using the expressions Z Q241 7 Ny Rk + 1) Ve

of [2] and [3] and the Gunn model.

The current into the resonator for the same voltage is (29)
. Aw
Irrs = Ve - Gr, + j2QG, - Vi (25) where
wherew, is the resonant frequency amily = wy — w. U k) = 0, k=2p
Using Kirchoff's law, the summation of the device and load -1, k=2p+1
currents must equal zero as follows: p=0,1,2,---
Igps + 1o+ 11 = 0. (26)

Using (29), the phase deference between the device and
Using this condition and separating the real and imaginalgad curves¢ in an intersection point must be in the range
parts, the oscillation frequeney; and amplitudé’g are found —(7/2) < ¢ < w/2.
to be (27) and (28), shown at the bottom of this page, whereln Fig. 4, there is an example of the load and device curve in
C}, represents the nonlinear-device capacitor coefficients in te complex plane. There are two points at which the circuit
signal space. As expected, the oscillation frequency egualscan oscillate, but according to condition (29), od®i is a
for C;, = 0. stable point.

Thvax
2/€+1)
—2 Z G2 e 1) Vit =G @7

(28)
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) Tnes CONCLUSION
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Fig. 5. The circuit diagram of injection-locked oscillator wifk, as the
inject signal.

1

I VI.
| In this paper, we present a novel analytical approach for the
analysis of nonlinear networks. The method presented belongs
to the general category of a frequency-domain harmonic-
balance algorithm. The main contribution of the new approach
is an analytic and efficient calculation of the nonlinear-device
current spectral components given the voltage spectral compo-
nents and the characteristics of the nonlinear device. The new
approach is based on a vector space termed the signal space.
B. Injection Locking The signal-space approach has been successfully used to
Using the signal-space approach, we derived the expressitgfive analysis and design criteria for a negative-resistance
for the injection-locking bandwidth. Referring to Fig. 5, theoscillator, and we found a good agreement between theory
injected signal appears a,. By solving the current Kir- and experiment.
choff’s law using the signal-space expressions for the different
currents, one can expregsy = wqsc — wo as a function of
the other parameters. The expression for the injection-locking]
bandwidth is

v
G

34

L.
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